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Abstract

This paper presents a continuous sensitivity equation method (SEM) for incompressible turbulent heat transfer. Thek–ε model of turbu-
lence with wall functions is used to model turbulence. Heat transfer is handled using an eddy conductivity. The SEM formulation acc
complex parameter dependence and is suitable for a wide range of problems. It is applied to turbulent flow over a heated backward
and to turbulent flow over a heated flat plate. Several uses of the SEM are demonstrated: fast computation of nearby flows, ident
key parameters controlling the flow, and uncertainty analysis. Sensitivities are used to cascade input data uncertainties through the
to yield uncertainty estimates of the skin friction and Stanton number. The SEM also provides detailed information about the contr
each parameter to the global uncertainty.
 2005 Elsevier SAS. All rights reserved.

Keywords:Sensitivity equation method; Sensitivity analysis; Turbulent heat transfer; Finite elements; Adaptive remeshing;k–ε model; Wall functions
uid
ut-

for
vior
lso

sign
m of
s to

us
ow
tion
pa

y or
effec
The

to

ions
bu-

We
d is
of-
dors
shes)
for
n et
pti-
ap-
uses
ca-
w,

ysis.
data
sti-
flow.
1. Introduction

CFD has become a common tool of engineering fl
mechanics. With improved algorithms and faster comp
ers the focus is shifting from analyzing a configuration
a given operating condition, to characterizing the beha
of the system at off-design conditions. Inroads have a
been achieved in design optimization. However, the de
of some systems cannot always easily be cast in the for
an optimization problem. Hence, there is a need for tool
extend the reach of the designer’s craft. The engineer m
not only know his flow, he must also have an idea of h
the flow responds to changes in the design and opera
parameters. Finally, most systems operate with uncertain
rameters or with parameters know within a given accurac
uncertainty. Consequently, engineers must assess the
of input data uncertainty on the response of the system.

* Corresponding author.
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1290-0729/$ – see front matter 2005 Elsevier SAS. All rights reserved.
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sensitivity equation method (SEM) is one of many tools
answer these questions.

This paper focuses on turbulent heat transfer applicat
of the SEM developed previously by the authors [1]. Tur
lence is treated with thek–ε model with wall function and
turbulent heat transfer is handled via an eddy diffusivity.
have opted for this model because it is very popular an
available in almost all commercial CFD codes. It is also
ten the recommended initial approach by software ven
because of its cost-effectiveness (it requires coarser me
compared to low Reynolds number models. The SEM
isothermal turbulent flows was demonstrated by Turgeo
al. [2–4]. While sensitivities can be used for design o
mization [5,6], they find practical uses in other areas of
plications. The paper focuses on these non-optimization
of the SEM: characterization of thermal systems, identifi
tion of key parameters controlling the behavior of the flo
fast evaluation of nearby problems and uncertainty anal
The latter consist in using sensitivities to cascade input
uncertainty through the CFD code to yield uncertainty e
mates of the hydrodynamic and thermal response of the
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Nomenclature

C1, C2, Cµ, σk , σε k–ε model constants
cp specific heat
Cf skin friction coefficient
d imposed distance to the wall
f body force
E roughness parameter
k turbulence kinetic energy
K natural logarithm ofk
ε turbulence dissipation rate
E natural logarithm ofε
n̂, t̂ normal and tangent unit vectors
p pressure
T temperature
P production of turbulence
q heat flux
qk, qε turbulence source terms
Re Reynolds number
St Stanton number
Pr Prandtl number
Prt turbulent Prandtl number
sx sensitivity of dependent variablex
u velocity

u,v velocity components
uk velocity scale based onk
u∗∗ friction velocity
x, y Cartesian coordinates
y distance to the wall
κ Kármán constant
µ viscosity
µt eddy viscosity
λ conductivity
λt eddy conductivity
ρ density
τw wall shear stress

Subscripts

e effective
t turbulent
w wall value
x based on plate length
∞ free-stream value

Superscripts

′ sensitivity (derivative)
+ dimensionless (wall functions)
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The paper begins with the flow equations and bound
equations. This is followed by a presentation of the se
tivity equations and their boundary conditions. Scaled s
sitivities are introduced as a convenient tool to compare
effects of different parameters. Application of the SEM
fast evaluation of nearby flows is then discussed. Thi
followed by a discussion of uncertainty analysis using s
sitivity data. The methodology is then demonstrated on
problems: turbulent heat transfer over the backward fa
step, and over a heated flat plate. Applications cover sens
ity analysis, identification of key parameters, fast evalua
of nearby flows, and uncertainty analysis. The paper e
with conclusions.

2. Flow equations

2.1. Reynolds-averaged Navier–Stokes equations

The flows of interest are modeled by the time-avera
momentum, continuity and energy equations:

ρu · ∇u = −∇p + f + ∇ · [(µ + µt)
(∇u + (∇u)T)]

(1)

∇ · u = 0 (2)

ρcpu · ∇T = q + ∇ · [(λ + λt )∇T
]

(3)

whereρ is the density,u is the velocity,p is the pressure,µ
is the viscosity,µt the eddy viscosity,cp the specific heat,T
the temperature,λ the conductivity andλt the eddy conduc
tivity; f is a body force andq is a heat source.

The eddy viscosity is expressed in terms of two tur
lence variables, the turbulence kinetic energyk and its rate
of dissipationε:

µt = ρCµ

k2

ε

The eddy conductivity is given by:

λt = cpµt

Prt
in which the turbulent Prandtl numberPrt is equal to unity.
The system is closed by using thek–ε model of turbulence
[7]. To preserve positivity of the dependent variables,
work with the logarithmic form of these equations [8,9]. Th
can be viewed as using the following change of depen
variables:

K = ln(k) and E = ln(ε).

The transport equations for the logarithmic variables
come:

ρu · ∇K = ∇ ·
[(

µ + µt

σk

)
∇K

]
+

(
µ + µt

σk

)
∇K · ∇K

+ µte
−KP − ρ2Cµ

eK

µt

+ qK (4)

ρu · ∇E = ∇ ·
[(

µ + µt

σε

)
∇E

]
+

(
µ + µt

σε

)
∇E · ∇E

+ ρC1CµeK−EP − C2ρeE−K + qE (5)
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Table 1
Constants for thek–ε model

Cµ C1 C2 σk σε

0.09 1.44 1.92 1.0 1.3

The production of turbulenceP is defined as

P = ∇u : (∇u + (∇u)T)
The constantsC1, C2, Cµ, σk , andσε are set to the value
recommended by Launder and Spalding [7] and are give
Table 1.

Finally,qK andqE are user supplied source terms used
code verification by the Method of Manufactured Solutio
See Section 7.1 for details.

2.2. Wall boundary conditions

The standardk–ε turbulence model is not valid when th
turbulence Reynolds number is low (i.e., the near-wall
gion). Wall functions are used to describe the solution n
the wall. We use the two-velocity scale wall functions d
scribed in Refs. [10,11]. Its universal velocity profile is giv
by:

u+ =
{

y+ for y+ < y+
c

1
κ

ln(Ey+) for y+ � y+
c

(6)

whereκ is the Kármán constant andE a roughness parame
ter. For smooth walls we takeκ = 0.42 andE = 9.0. The
transition pointy+

c is obtained from the intersection of th
two curves, in this casey+

c ≈ 11. The dimensionless distan
to the wally+ and the dimensionless tangential velocityu+
are given by:

y+ = ρyuk

µ
(7)

u+ = ut

u∗∗
(8)

whereut is the tangential velocity andy is the distance nor
mal to the wall.

This wall function involves two velocity scales:uk ,
a scale based on the turbulence kinetic energy

uk = C1/4
µ k1/2 (9)

wherek is taken at the boundary of the computational
main; andu∗∗, a scale based on the friction velocityu∗ and
defined as

(u∗)2 = uku∗∗ (10)

The boundary conditions fork, ε, and the momentum equa
tions at a distancey = d from the wall are:

∂k

∂n
= 0 or

(
µ + µt

σk

)
∇K · n̂ = 0 (11)

ε = u3
k

κd
or E = ln

(
u3

k

κd

)
(12)

u · n̂ = 0 (13)

τw = ρu∗∗uk (14)
wheren̂ is the normal unit vector. Note that substitution
Eqs. (6)–(9) into Eq. (14) provides a relationship betw
the wall shear stressτw and the velocityut (i.e., a mixed or
Robin boundary condition).

2.3. Thermal wall function

Boundary conditions for the energy equation are enfor
through a temperature wall function. For constant wall h
flux, the boundary condition is:

(λ + λt )
∂T

∂n
= qw (15)

The wall temperature is extracted from the wall funct
with:

Tw = T + qwT +

ρcpuk

(16)

For constant wall temperature, an effective heat flux is
posed in the wall function

qw = ρcpC
1/4
µ k

1/2
w (Tw − T )

T + (17)

where T and k are the temperature and the TKE of t
boundary of the computational domain;Tw is the wall tem-
perature andT + satisfies the following relations [12]:

T + =


Pr y+ for y+ < y+

1
a2 − Prt

2a1(y
+)2 for y+

1 � y+ � y+
2

Prt
κ

ln(y+) + β for y+
2 < y+

(18)

with the following definitions

y+
1 = 10

Pr1/3
, y+

2 =
(

κ

a1

)1/2

a1 = 10−3Prt , a2 = 15Pr2/3

β = a2 − Prt
2κ

[
1+ ln

(
κ

a1

)]
The Prandtl and turbulent Prandtl numbers are set res
tively to 0.7 and 1.

3. Sensitivity equations

3.1. Reynolds-averaged Navier–Stokes equations

The continuous sensitivity equations (CSE) are obtai
by implicit differentiation of the flow Eqs. (1)–(3) with re
spect to a given parametera. This parameter could be
boundary condition (inflow velocity, wall temperature
heat flux for example), a closure coefficient of the tur
lence model, a physical property of the fluid, or a coe
cient appearing in the momentum or thermal wall functio
Thus, we consider the variableu to depend on spatial coo
dinates and on parametera. This dependence is denoted
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u(x;a). Defining the flow sensitivities as the partial deriv
tives su = ∂u

∂a
andsT = ∂T

∂a
, and the total derivatives of th

fluid properties and other flow parameters by a (′), we obtain

ρ′u · ∇u + ρsu · ∇u + ρu · ∇su

= −∇sp + f′ + ∇ · [(µ′ + µ′
t )

(∇u + (∇u)T)
+ (µ + µt)

(∇su + (∇su)
T)]

(19)

∇ · su = 0 (20)

ρ′u · ∇T + ρsu · ∇T + ρu · ∇sT

= q ′ + ∇ · [(λ′ + λ′
t )∇T + (λ + λt )∇sT

]
(21)

3.2. Turbulence equations

Differentiation of the turbulence transport equations
and (5) with respect to parametera yields the continuous
sensitivity equations forsK andsE :

ρ′u · ∇K+ ρsu · ∇K+ ρu · ∇sK

= ∇ ·
[(

µ′ + µ′
t

σk

− µtσ
′
k

σ 2
k

)
∇K +

(
µ + µt

σk

)
∇sK

]
+

(
µ′ + µ′

t

σk

− µtσ
′
k

σ 2
k

)
∇K · ∇K

+ 2

(
µ + µt

σk

)
∇K · ∇sK

+ e−K(µ′
tP + µtP

′ − µtP sK)

− ρeE−K
(

2
ρ′

ρ
+ C′

µ

Cµ

+ sK − µ′
t

µt

)
+ q ′

K (22)

and

ρ′u · ∇E + ρsu · ∇E + ρu · ∇sE

= ∇ ·
[(

µ′ + µ′
t

σε

− µtσ
′
ε

σ 2
ε

)
∇E +

(
µ + µt

σε

)
∇sE

]
+

(
µ′ + µ′

t

σε

− µtσ
′
ε

σ 2
ε

)
∇E · ∇E

+ 2

(
µ + µt

σε

)
∇E · ∇sE

+ ρC1CµeK−EP

(
ρ′

ρ
+ C′

1

C1
+ C′

µ

Cµ

+ sK − sE + P ′

P

)
− C2ρeE−K

(
C′

2

C2
+ ρ′

ρ
+ sE − sK

)
+ q ′

E (23)

where the sensitivity of the production term is

P ′ = 2∇su : (∇u + (∇u)T)
and the sensitivity of the eddy viscosity is

µ′
t = (

ρ′Cµ + ρC′
µ

)
e2K−E + ρCµe2K−E (2sK − sE )

= µt

(
ρ′

ρ
+ C′

µ

Cµ

+ 2sK − sE

)
while that of the eddy conductivity is:
λ′
t = λt

(
c′
p

cp

+ µ′
t

µt

+ Pr′t
Prt

)
3.3. Wall boundary conditions

Wall functions for sensitivity equations are obtained
implicit differentiation of wall functions of the flow equa
tions. For value parameters, differentiation is simplifi
since the normal and tangent vectors have zero deriv
with respect toa. Differentiation of the no-penetration con
dition (13) leads to

su · n̂ = 0

whereas the sensitivity of the shear stress is given by

τ ′
w = ρ′uku∗∗ + ρu′

ku∗∗ + ρuku
′∗∗

The sensitivitiesu′∗∗ andu′
k appearing in this expression a

obtained by differentiation of Eqs. (8) and (9):

u′∗∗ = u′
t

u+ − utu
+′

u+2

u′
k = uk

(
1

4

C′
µ

Cµ

+ 1

2
sK

)
where from (6)

u+′ =
{

y+′ for y+ < y+
c

1
κ

(−u+κ ′ + E′
E

+ y+′
y+

)
for y+ � y+

c

and from (7)

y+′ = y+
(

ρ′

ρ
+ d ′

d
+ u′

k

uk

− µ′

µ

)
Finally, for the tangential component of velocity

ut = utx + vty

we get

u′
t = sutx + svty .

Here we have assumed thatt ′x = t ′y = 0 because we conside
fixed walls. The distance to the walld may vary because
is as a value parameter in the wall functions.

From Eq. (15), we deduce the following boundary con
tion for T :

(λ′ + λ′
t )

∂T

∂n
+ (λ + λt )

∂sT

∂n
= q ′

w

whereas the sensitivity of the effective heat flux is given

q ′
w = ρ′cpuk(Tw − T )

T + + ρc′
puk(Tw − T )

T +

+ ρcpu′
k(Tw − T )

T + + ρcpuk(T
′
w − ST )

T +

− ρcpuk(Tw − T )T +′
+ 2
(T )
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The sensitivityu′
k is obtained as shown in three next se

tions. The sensitivity(T +)′ appearing in this expression
obtained by differentiation of Eqs. (18):

T +′ =



Pr y+′ + Pr ′y+
for y+ < y+

1

a′
2 − Prt

2a1(y
+)2

(Pr ′
Pr − a′

1
a1

− 2y+′
y+

)
for y+

1 < y+ < y+
2

Prt
κ

(Pr ′
t

Prt
lny+ − κ ′

κ
lny+ + y+′

y+
) + β ′

for y+
2 � y+

where

y+′ = y+
(

ρ′

ρ
+ d ′

d
+ u′

k

uk

− µ′

µ

)
Pr ′ = Pr

(
c′
p

cp

+ µ′

µ
− λ′

λ

)
and where the constant derivatives are

a′
1 = 10−3Pr ′

t

a′
2 = 10Pr ′Pr−1/3

β ′ = a′
2 −

(
Pr ′

t κ − Prt κ ′

2κ2

)[
1+ ln

(
κ

a1

)]
− Prt a1

2κ2

κ ′a1 − κa′
1

a2
1

Finally, from Eq. (11) we deduce the following bounda
condition forsK which is well suited to the natural bounda
conditions of the finite element formulation:[(

µ′ + µ′
t

σk

− µtσ
′
k

σ 2
k

)
∇K+

(
µ + µt

σk

)
∇sK

]
· n̂ = 0

Finally, the boundary condition forsE is

sE = 3
u′

k

uk

− κ ′

κ
− d ′

d

3.4. Scaled sensitivities

Sensitivities are useful to determine the influence of
rameter changes on the flow. However, it is difficult to d
termine this dependence from the raw information such
su, sp, and so on, since nominal parameters values can d
by several orders of magnitude and may have different u
The nominal value ofa is the value ofa used for the simu
lation. In a statistical sense it corresponds to the mean v
of the parametera. A solution to this problem is to scale th
sensitivity values by the nominal values of its parameter.
parametersa andb, with nominal (mean) valuesa0 andb0,
we can then compare the scaled sensitivities:

∂u
∂a

a0 and
∂u
∂b

b0 (24)

wherea0 andb0 are the nominal values ofa andb respec-
tively. In this manner comparison of scaled sensitivities
more meaningful because both terms have the same un
4. Implementation

The flow and sensitivity equations are solved by an ad
tive finite element method. Element matrices are constru
using a numerical Jacobian technique. Because of the
Reynolds numbers involved in our application, the flo
considered are convection dominated. This is why stabi
tion terms are added to the standard Galerkin formulat
both GLS and SUPG were used.

The accuracy of the solutions is controlled by an adap
remeshing strategy. In our case, all variables (flow, tem
ature and sensitivities) are analyzed and contribute to
mesh adaptation. Error estimates are obtained by a
least-squares reconstruction of the solution derivatives
14]. For velocity, temperature, and turbulence variable
error is measured in theH 1 semi-norm, that is theL2 norm
of the derivatives. For temperature this yields:

‖Tex − Th‖2 =
∫
	

(∇Tex − ∇Th) · (∇Tex − ∇Th)dA (25)

whereTex andTh are the exact and finite element tempe
ture fields. In practice,Tex is not available; it is replaced by
local least-squares reconstruction of the derivatives [13,
For velocity, the error is measured in the strain rate tens

‖Uex − Uh‖2 =
∫
	

(γex − γh) : (γex − γh)dA (26)

with

γ = 1

2

[∇u + (∇u)T]
(27)

A pressure estimate is obtained by projecting the pressu
self. Turbulence variable error estimates are computed
manner similar to that presented for temperature. The in
ested reader can find more details in Turgeon et al. [2].

5. Uncertainty analysis

Uncertainty may be viewed as a possible perturba
of a given quantity around its nominal value. The qu
tity of interest is thus allowed to vary within some limit
Furthermore, changes in input data cause changes in
system response. As an example, consider the horiz
component of the velocityu in a fluid flow. Also, assume
that this velocity distribution depends on some parame
a = (a1, a2, . . . , an) describing geometry, boundary cond
tions, fluid properties, or flow model. Ifa is perturbed by
�a, the velocity at a point(x, y) may be approximated us
ing a first order Taylor series expansion,

u(x, y;a + �a) = u(x, y;a) +
n∑ ∂u

∂ai

(x, y;a)�ai
i=1
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where we have assumed that�a is small so that higher orde
terms may be neglected. The velocity change is thus

u(x, y;a + �a) − u(x, y;a) =
n∑

i=1

∂u

∂ai

(x, y;a)�ai

We now look for the propagation of uncertainty froma
to u. If �a is the uncertainty ona, that is,a lies somewhere
in the intervala ± �a. The maximum possible change ofu,
i.e., its uncertainty�u, is obtained when the components
a reach their maximum or minimum values, so that they
work together in the same direction: increasing (or reduc
u. Mathematically, the following inequality holds:

∣∣u(x, y;a + �a) − u(x, y;a)
∣∣ �

n∑
i=1

∣∣∣∣ ∂u

∂ai

(x, y;a)�ai

∣∣∣∣
This expresses exactly what we need. The uncertaint
u corresponds to the “worst case” scenario where velo
changes due to each disturbances�ai add up. Thus, we ap
proximate the velocity uncertainty due to�ai

|�u| ≈
n∑

i=1

∣∣∣∣ ∂u

∂ai

(x, y;a)

∣∣∣∣|�ai | (28)

The preceding development is valid for a single param
or a set of discrete parameters. In practice, another s
tion may arise: the uncertainty is distributed. For exam
one might be interested in accounting for non-uniformit
in a nominally uniform wind tunnel inflow. Such a velo
ity profile is not constant but exhibits small but measura
local disturbances. The uncertainty is best represented
random variable of space. The velocity profile, and thus
deviation to the nominal profile, are shaped and not defi
by a single parameter. The present methodology can
be applied if we can find a parameterization of this sh
with uncertainties on the individual parameters. Uncerta
ties taking the form of numerous localized random variab
that may be correlated, can probably be better treated b
stochastic finite element method [15,16]. However, this
beyond the scope of the present paper. The SEM is ap
priate for cascading uncertainties in discrete paramete
which the uncertainty is small with respect the mean, w
the stochastic FEM is designed to treat uncertainties in
form of random field variables. We restrict our study to u
certainty associated to discrete parameters.

Notice that we can also define an RMS uncertainty by

|�u| ≈
√√√√ n∑

i=1

∣∣∣∣ ∂u

∂ai

(x, y;a)

∣∣∣∣2�a2
i (29)

This expression provides a smaller uncertainty estimate
that of Eq. (28). Our experience shows that the two estim
behave in a similar manner. Indeed, they are equivale
there is only one parameter with uncertainty. Hence, res
are only presented for the more pessimistic estimate (28
-

6. Fast evaluation of nearby flows

The Taylor series expansion can also be used to ob
inexpensive evaluation of solutions at nearby parameter
ues. This is a very cost effective approach for small chan
in the parameter vectora. If we are very close to the bas
line solution, we can assume that a first order Taylor se
expansion is sufficient and that higher order terms may
neglected. For a single parameter we have:

u(x, y;a + �a) = u(x, y;a) + ∂u

∂a
(x, y;a)�a (30)

As an example, consider again the horizontal compon
of the velocityu in a fluid flow. If �a is small, the above
expression provides a good estimate ofu(x, y;a+�a) with-
out resorting to a second costly CFD analysis. If a rean
sis yields a value ofu close to its Taylor series estimat
then one may conclude thatu depends nearly linearly ona.
In this case the Taylor series can be used safely for la
perturbations ofa. Moreover, the magnitude of the ter
∂u
∂a

(x, y;a)�a is an indication of the importance of par
metera on the behavior of the system. A large value in
cates a parameter with significant importance while a sm
value reveals that the influence of the parameter can p
ably be neglected. These observations extend readily to
case where multiple parameters are considered.

If one performs two flow and sensitivity computations
two distinct values,a1 anda2, of parametera, one can use
cubic Hermite polynomials to approximate the flow respo
of values ofa in the interval[a1, a2]:
u(x, y, t) = u(x, y, a1)ψ1(ξ) + ∂u

∂a
(x, y;a1)ψ2(ξ)

+ u(x, y, a2)ψ3(ξ) + ∂u

∂a
(x, y;a2)ψ4(ξ) (31)

with

ψ1(ξ) = 1

4
(1− ξ)2(2+ ξ)

ψ2(ξ) = h

8

(
1− ξ2)(1− ξ)

ψ3(ξ) = 1

4
(1+ ξ)2(2− ξ)

ψ4(ξ) = h

8

(−1+ ξ2)(1+ ξ)

h = a2 − a1

ξ = −1+ 2

(
t − a1

a2 − a1

)
In, general, this expression yields greater accuracy

a linear Taylor series (30). Of course improved accurac
achieved at a greater computational cost since the Her
approach requires two flow solutions while the linear Tay
series requires only one. In both approaches mesh ada
controls numerical accuracy. Hermite polynomials usu
provide reliable nearby flows on a wider interval than lin
Taylor series because the polynomial uses additional in
mation about the flow dependence on the parametera (i.e.,
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two flows and two sensitivity solutions versus one flow a
one sensitivity solution). Comparison of Hermite and lin
Taylor estimates ofu provide additional clues on the linea
ity of the relation betweenu anda. For clarity and simplicity
we restrict our demonstration of fast nearby flow evalua
to a single parameter. Examples of multiple parameter
trapolation may be found in our previous work. See Turg
et al. [2,17,18] for details.

7. Numerical results

We begin with a verification example involving a fre
shear layer with a closed form solution. A grid converge
study is performed to assess the accuracy of the sensi
solutions as well as the performance of the error estimat

This is followed by numerical results for two applic
tions: turbulent heat transfer over a backward facing s
and flow over a heated flat plate. The first example is a p
ular test case since it covers many important turbulent fl
phenomena such as separation, recirculation, reattach
and the development of a boundary layer downstream
the reattachment point. Predictions of the Stanton num
are compared to measurements. Sensitivity informatio
used to identify which parameters of the turbulence mo
have the most influence on the hydrodynamic and ther
behavior of the flow. Input parameter uncertainty is c
caded through the CFD code to yield uncertainty estim
of the skin friction coefficient and Stanton number. Sen
tivity information is also used to determine which parame
contributes most significantly to the output uncertainty T
second example, turbulent heat transfer on a flat plate
lustrates fast evaluation of nearby flows using linear Ta
series and Hermite polynomials. Uncertainty analysis is
performed. In both examples the parameters considere
the closure coefficients of thek–ε model of turbulence, the
coefficients appearing in the wall function and those app
ing in the energy equation.

7.1. Verification: A shear layer

We will first verify the correct implementation of th
proposed formulation, using the Method of Manufactu
Solution proposed by Roache [19]. We use the following
pressions as a solution:

U = U1 + U2

2
− U1 − U2

2
erf(η)

V = U1 − U2

2

1

σ
√

π
B

T = T1 + T2

2
− T1 − T2

2
erf(η)

p = 0

k = k0(ck + B)

ε = ε0

x
(ck + B)

µT = µT0x(ck + B) (32)
t

e

where

η = σy

x
, B = e−η2

U1 = 1, U2 = 0.3

T1 = 0.3, T2 = 1

σ = 13.5, ρ = 1.0

Cµ = 0.09, µ = 10−4

ck = 10−4

k0
, µT0 = 343

250000
ρU1

k0 = 343

75000
U1(U1 − U2)

σ√
π

ε0 = 343

22500
CµU1(U1 − U2)

2σ 2

π
(33)

They become a proper solution to the Reynolds-avera
equations by defining the appropriate forcing functionsf, q,
qK and qE . See Colin for details [20]. Analytical expre
sions for the sensitivities are obtained by differentiation
the above expressions with respect to parameters of inte
The appropriate source terms in the sensitivity equations
obtained by differentiation of the source terms in Eqs.
(3)–(5).

This flow mimics a thermal free shear layer. It is solv
over the domain[100,−75] × [300,75]. Dirichlet boundary
conditions are evaluated using expressions (32) and ap
everywhere, except on a portion of the bottom bound
where a zero normal traction is specified to ensure that m
is conserved. Following Turgeon et al. [21], computatio
are performed using a GLS stabilized finite element sch
for all equations (momentum, continuity, energy, turbulen
including the sensitivity equations. The adaptive remesh
strategy is set to reduce the global error by a factor of
each adaptive cycle. All dependent variables and their se
tivities contribute to mesh refinement.

Fig. 1 illustrates the adaptive grid convergence of the fl
and temperature sensitivities with respect toU1 andT1. The
norm of the global error (i.e., over the domain) decrease
each cycle of mesh adaptation indicating that grid con
gence is occurring. Notice also that agreement between
error estimates and the true errors improves with mesh a
tation. The estimators exhibit asymptotic exactness with
refinement. As expected, excellent accuracy improvem
are observed. Error trajectories, for all variables, exhib
slope of 1. Because the number of nodes in the mesh l
on the horizontal axis is proportional to 1/h2, the scheme
is second order accurate in the derivatives. This verifies
performance and accuracy of the solver and error estima
in the sense of Roache [19].

7.2. A heated backward facing step

The first application is the flow over a heated backw
facing step, studied experimentally by Vogel et al. [22]. T
seems to be the only experimental fork on turbulent for
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Fig. 1. Verification: Grid convergence of sensitivities. (a) ParameterU1;
(b) ParameterT1.

convection heat transfer. There exist recent experime
work on turbulent mixed and natural convection [23–2
However, this is an entirely different flow regime that is b
yond the scope of the present paper.

Fig. 2(a) shows the geometry and boundary conditi
used in the simulations. For the present case, the Reyn
number isRe= 28 000. Constant dimensionless Dirich
boundary conditions are applied at the inlet:u = 1, v = 0,
k = 0.005, andε = 0.01; only the temperature is set fre
At the outlet, the normal stress,v and the normal derivative
of k andε are set to zero. Two velocity scale wall functio
are used on solid walls with the wall distanced given as fol-
lows: d = 0.08 on the upstream horizontal surface,d = 0.1
on the step face,d = 0.05 on the bottom wall, andd = 0.1
on the top wall. The heat flux along the bottom wallqw is set
to one, and the other walls are considered adiabatic.

Eleven parameters are considered in the sensitivity an
sis: the 5 closure coefficients of thek–ε model of turbulence
(Cµ, C1, C2, σk andσe); 3 thermal coefficients (cp, λ and
qw) and 3 wall function coefficients (d , κ andE). This illus-
trates the power of the approach. It also shows that sen
ity analysis generates large data sets, in this case the e
alent of 12 flow solutions: the flow itself (u,v,p,T , k, ε)
plus 11 sensitivity solution field, each counting 6 variab
(su, sv, sp, sT , sk, sε).

Fig. 2(b) shows the final adapted mesh obtained aft
cycles of adaptation. It contains 75 000 nodes and refl
grid adaptation to all flow and sensitivity variables. A hi
level of refinement exists near the corner of the expans
in the shear layer and near the top and bottom walls. Th
zones correspond to regions of rapid changes in the solu
and its sensitivities. The refinement on the bottom wal
due to the important gradients ofu andT .
(a)

(b)

Fig. 2. Backward facing step. (a) Domain definition. (b) Final mesh.
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Fig. 3. Backward facing step: Grid convergence ofy+ along walls. (a) Step
face; (b) Bottom wall.

When wall functions are used, one must verify th
the specified distance to the solid surfaced results in a
valid value ofd+ expressed in wall units:d+ = ρ duk

µ
(i.e.,

Eq. (7)). This value, extracted from a grid converged solu
must lie in the interval[30,300]. Fig. 3 shows the conver
gence and the distribution ofy+ along the step face and th
bottom wall. As can be seen, mesh adaptation results in
tributions that are well grid converged. See Colin [26]
more details.

The phenomena of interest occur on the bottom wal
near it: stagnation point, boundary layers, recirculation z
etc... They all affect wall shear stress and heat transfer
which are best presented in the form of the skin frict
coefficientCf and the Stanton numberSt. Here we use sen
sitivity information to provide uncertainty estimates of the
outputs to perform rigorous comparisons with the exp
mental measurements of Vogel et al. [22].

For our purpose, the friction coefficient and the Stan
number are defined by:

Cf = τ

1
2ρU2

r

St= qwx
λ(Tw − Tr)RexPr
Fig. 4. Backward facing step: Distribution ofCf .

Table 2
Backward facing step: Assumed uncertainties

�Cµ �C1 �C2 �σk �σe

0.005 0.005 0.005 0.05 0.0

�cp �λ �d �κ �E

0.05 5× 10−6 0.005 0.005 0.05

From a practical point of view, we compute them using
finite element data and the wall function expressions as
lows:

Cf = ρκutuk

ln(Ey+)

St= qw

ρcpŨr (T − Tr) + (
qwŨr

uk
)T +

This approach yields more accurate values than would
obtained from differentiation of the finite element soluti
to estimateτ and qw. In these expressions,Ur is a refer-
ence velocity taken as the mean velocity at the inlet anTr

is a reference temperature equal to the inlet temperature
It is at best a difficult task to assess the uncertainty of

closure and wall function coefficients as no information
available. A reasonable assumption is to consider that t
coefficients are accurate to within half a unit of the rig
most digit. Table 2 summarizes the uncertainties used in
present analysis. Note that the actual “accuracy” is prob
lower than that provided in the table.

We now illustrate how sensitivity information is used
obtain uncertainty estimates of the flow response. Fig
presents the prediction of the friction coefficientCf on the
bottom wall. This plot includes uncertainty bands due
uncertainties in the turbulence closure coefficient listed
Table 2. The solid line represents the predictions at the n
nal values of the parameters while the dashed lines repre
the uncertainty intervals determined by Eq. (28). Voge
al. report an absolute uncertainty in the measuremen
0.00015 (5% of the maximum measured value) [22]. This
formation is included in the plot for completeness and ma
comparison between predictions and measurements a
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rigorous exercise. The results are plotted against the
dimensional coordinatex∗ defined by:

x∗ = x − xr

xr

(34)

wherexr is the reattachment length. This length and its
curacy will not be discussed in this article; details of
calculation have been discussed by Turgeon et al. [4]. In
present case, we found:

xr = 5.28± 0.02

Clearly, predictions are poor, even if we consider the
certainties. In general, the numerical and experimental
certainty bands do not overlap. Thus uncertainties in
closure coefficients do not explain the differences betw
numerical results and experimental measurements. The
likely explanation for the observed discrepancies are the
ficiencies in thek–ε model of turbulence as explained b
Launder [27]. Another possible source of the discrepa
could be the different thicknesses of the boundary laye
the separation corner point. It is difficult to determine wh
cause contributes the most to the observed discrepan
The uncertainty estimates provide little insight in this
spect, as their magnitude depends on that of the sens
ties and the assumed parameter uncertainties. The pred
uncertainty bands do not depend on the measuremen
their uncertainties; they reflect the effect of our incompl
knowledge of the input parameters on the solution of
Reynolds-averaged Navier–Stokes andk–ε equations. In our
case, the thickness of the boundary layer at the separ
point is about,δ/H = 0.4, in agreement with the results
Ignat et al. [11]. However, experimental data for skin fricti
is only available forδ/H = 1.1. Thus comparing prediction
for δ/H = 0.4 to measurements taken forδ/H = 1.1 might
constitute an unfair comparison and could explain som
the discrepancies. Nonetheless, similar trends are obse
negative values ofCf before the reattachment point fo
lowed by positive values downstream ofx∗. The small un-
certainty on the prediction ofCf was expected due to th
small size of both the sensitivities and the associated un
tainties in the closure coefficients.

Using the available sensitivity information, it is pos
ble to identify dominant parameters controlling the flow a
to determine which parameter has the most significant
tribution to the skin friction uncertainty estimate. Fig. 5
compares the scaled sensitivities (see Eq. (24)) with res
to the turbulence closure coefficients. As can be seenC1

and C2 have the most significant influence on the fricti
coefficient. Moreover, they seem to have a very similar
fect, but with opposite signs. Scaled sensitivities canno
used directly in Eq. (28) to assess individual contribution
the total uncertainty. An expression for the uncertainty us
scaled sensitivities can be obtained from Eq. (28) by mu
t

.

d
r

:

t

plying and dividing each term by the nominal value of ea
parameter:

|�u| ≈
n∑

i=1

∣∣∣∣ ∂u

∂ai

ai0

∣∣∣∣∣∣∣∣�ai

ai0

∣∣∣∣ (35)

Notice now, that the relative uncertainties of each para
ter enter in the expression. Hence, the parameter contr
ing the most to the uncertainty will be characterized by
largest absolute value of its scaled sensitivity multiplied
its relative uncertainty. For completeness the relative un
tainties for the turbulence closure coefficients are given
Table 3.

Fig. 5(b) shows the contribution of each parameter to
global uncertainty. As can be seen,Cµ is the main contrib-
utor to the skin friction uncertainty. While the scaled sen
tivity of Cf with respect toCµ is smaller than those ofCf

(a)

(b)

Fig. 5. Backward facing step: Sensitivities and uncertainties inCf .
(a) Scaled sensitivities ofCf ; (b) Contributions toCf uncertainty.

Table 3
Relative uncertainties of closure coefficients

�Cµ

Cµ

�C1
C1

�C2
C2

�σk
σk

�σe
σe

5.5% 0.35% 0.26% 5.0% 3.8%
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Fig. 6. Backward facing step: Distribution ofSt .

with respect toC1 andC2, the relative uncertainty onCµ

is much larger than the others, conferring toCµ a dominant
contribution to the skin friction uncertainty.

Uncertainty analysis with respect to the closure co
ficients is also performed for the Stanton number. Fig
presents its distribution on the bottom wall. In our comp
tations, the thickness of the boundary layer at the separ
point is δ/H = 0.4. For comparison we use experimen
data collected forδ/H = 0.19 andδ/H = 0.7. These data
are given with an experimental uncertainty equal to 0.000
or 6% of the maximum measured value. The agreemen
tween predictions and measurements is better for the Sta
number than for the skin friction coefficient. The maximu
occurs atx∗ = 0, as expected, and the observed discrepa
is on the order of 11%. The predicted and measured
certainty intervals do not overlap. Hence, we conclude
uncertainties in the closure coefficients do not explain
observed differences. Thek–ε model is not very good fo
this problem as it has proved to be for other flows [28,
for which predictions were in better agreement with m
surements. In fact, the agreement is at best fair to good
pending on the application needs. Again, the important p
is that uncertainties are used to assess the quality, acc
and reliability of CFD predictions. Their use also ensu
that such comparisons are performed on a rigorous bas

Fig. 7 presents the contributions of individual param
ters to the uncertainty in the Stanton number using un
tainty data from Table 2. Sensitivity computations and un
tainty analysis are performed for three groups of parame
the turbulence closure coefficients (Cµ,C1,C2, σK,σε), the
parameter appearing in the hydrodynamic wall funct
(κ,E,d), and those of the thermal wall function (cP ,λ, qw).
Separate simulations were performed for each group o
rameters. Here again,Cµ is the dominant contributor amon
the closure coefficients. For the hydrodynamic wall functi
the Karman constant is responsible for most of the un
tainty except forx∗ between−1 and−0.5 whered has the
dominant contributor to the uncertainty. The contribution
the roughness parameter to the uncertainty of the Sta
-

y

:

(a)

(b)

Fig. 7. Backward facing step: Individual contributions to uncertainty ofSt.
(a) Turbulence closure coefficients; (b) Wall function coefficients.

number is so small that it does not show on the plot.
all practical purposes, one can assume that it has no i
ence on the Stanton number. Finally, among the param
of the thermal wall function, the specific heatcp is respon-
sible for most of the uncertainty. The thermal conductiv
λ has a much smaller contribution while the applied h
flux qw has a zero contribution because the sensitivity of
Stanton number with respect toqw is zero:

∂St

∂qw

= 0

due to the linearity of the heat equation. Thus a chang
qw leaves the dimensionless heat transfer coefficientSt un-
changed.

This discussion would not be complete without a g
convergence study. Fig. 8 presents the grid convergenc
St and that of a typical scaled sensitivityλ∂St

∂λ
. These quan

tities are correctly grid converged for the last cycle. Turg
et al. [4] observed similar trends for an isothermal backw
facing step.
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Fig. 8. Backward facing step: Grid convergence ofSt and λ ∂St
∂λ

. (a) St;

(b) λ ∂St
∂λ

.

7.3. A heated flat plate

The second application focuses on sensitivity and un
tainty analysis of a developing turbulent boundary layer o
a heated flat plate atRe= 2× 106. Preliminary results were
presented in a previous paper [1] discussing the general
turbulent heat transfer. The domain, its geometry, and a c
plete description of the boundary conditions are shown
Fig. 9(a).

The plate has a finite thickness and a rounded lea
edge. The domain extends to one plate lengthL upstream
and 0.3L upwards of the plate. Dimensionless bound
conditions are applied at the inlet:u = 1, v = 0, k = 1.0 ×
10−6 andε = 1.8× 10−8. The parameterd in the wall func-
tion is set to 0.00095L. Fig. 9(b) illustrates the final mes
obtained with the adaptive methodology.

We consider the effects of 10 parameters on the un
tainty of the Stanton number predictions: the 5 closure
efficients of thek–ε model of turbulence (Cµ, C1, C2, σk

andσe), 2 thermal coefficients (cp, λ) and 3 wall function
coefficients (d , κ andE).

Fig. 10 compares the prediction ofSt with two accepted
correlations:

St= 0.0287̃U1.8∞
Pr0.4Re0.2

x

(Kays and Crawford [30])

St= 0.2275̃U2∞
[
ln(0.06Rex)

]−2 (Pethukov in [30])

An uncertainty band (due to uncertainties in the wall fu
tion parameters) is added to the finite element predictions
ing the approach described previously. Globally, the ag
ment between predictions and correlations is good. The
eral trend is a slight under-prediction except near the lea
edge. However, the uncertainty band is too narrow to acc
for the observed discrepancies between predictions and
relations. Again, this mean that thek–ε model appears no
to be the best model for predicting the Stanton number
(a)

(b)

Fig. 9. Heated flat plate. (a) Domain definition; (b) Final mesh.
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Fig. 10. Heated flat plate: Stanton number.

(a)

(b)

Fig. 11. Heated flat plate: uncertainties inSt and effect ofd on St. (a) Un-
certainty contributions to the St; (b) Effect ofd on St.

this flow. Fig. 11(a) presents the contributions of each co
cients to the Stanton number uncertainty. In the present c
the Kármán constant is the main contributor to the total
certainty. The contribution of the roughness parameterE is
about 4 times smaller than that ofκ , whereas the distanc
,

(a)

(b)

Fig. 12. Flat plate: Effect ofd on y+ andT +. (a)y+; (b) T +.

d to the wall has a negligible effect, except near the lead
edge.

Even if the influence of the distanced seems negligible
this parameter is especially interesting to study becaus
value is not well defined since it is specified by the us
Indeed, there is no textbook approach for itsa priori deter-
mination. The user must perform ana posterioriverification
of the correctness of his choice. Sensitivity analysis prov
quantitative information on how critical the value ofd is to
the CFD output. In the present case,∂St

∂d
is small along the

wall indicating that the choice ofd is not crucial:St is virtu-
ally insensitive tod except near the leading edge, as sho
on Fig. 11(a). To verify this, we follow Turgeon et al. [
and compare the results of two simulations ford = 0.00096
andd = 0.0006. Fig. 11(b) shows that the predictions of
Stanton number for the two values ofd are identical con-
firming the trend predicted by∂St

∂d
�d on Fig. 11:d has no

effect onSt if it is chosen so thaty+ is between 30 and 300
Fig. 12 shows the effects ofd on the distributions o

y+ andT +. While changes ind do not affect the Stanto
number, they have a pronounced effect on bothy+ andT +.
This figure also provides information on the accuracy of
Taylor series approach for fast evaluation ofy+ andT + at



E. Colin et al. / International Journal of Thermal Sciences 44 (2005) 1024–1038 1037

)

es
s.
s of
of
sti-
ach
lor
Esti
ip

ay
s-
of

ac-
ty
en
re-
ple

al-

ved
ly-
rom
se-

lor
ite

tiv-
by

p-
and
ing
his
mea-
t to

eful
The
an
pects
ve
f
r-
nts
rid
e a

ure-
of

sing
Sen-
as

on
ther-

and
ncer-

tly
l
gli-
-

ies
s.
(a)

(b)

Fig. 13. Flat plate: Fast evaluation ofT +(d). (a) Linear extrapolation; (b
Cubic extrapolation.

nearby values ofd . The baseline solution and its sensitiviti
were obtained ford = 0.0006 and are plotted as solid line
This information is used to obtain Taylor series estimate
y+ andT + atd = 0.00095. This represents a perturbation
0.00035 or 58% from the baseline value. Hence, this con
tutes an extreme test for the linear Taylor series appro
The true solution is plotted as a dotted line while Tay
estimates are represented by the triangular symbols.
mates ofy+ are excellent confirming the linear relationsh
betweeny+ andd (Eq. (7)) even though other terms m
implicitly depend ond . However, the linear extrapolation e
timate ofT + is poor confirming the nonlinear dependence
T + ond (Eq. (18)).

It is possible to achieve further improvements in the
curacy if one is willing to perform two flow and sensitivi
solves for two distinct values of the parameter. It is th
possible to use Hermite polynomials to evaluate the flow
sponse at intermediate values of the parameter. For exam
we useT + as a response variable and the following two v
ues ofd :

d1 = 0.0006

d2 = 0.0013
.

-

,

to evaluate the distribution ofT + atd = 0.0095. We use the
following form of the Hermite polynomials (Eq. (31)):

T +(x;d) = T +(x;d1)ψ1(ξ) + ∂T +

∂d
(x;a1)ψ2(ξ)

+ T +(x, y;d2)ψ3(ξ) + ∂T +

∂d
(x;d2)ψ4(ξ)

Fig. 13 illustrates the results. Improvements are achie
for two reasons:�d is smaller and we use higher order po
nomials. For completeness, we also show the result f
averaging the linear Taylor extrapolations from the two ba
line solutions (d = 0.0006 andd = 0.0013). While the linear
prediction is improved over the previous one point Tay
extrapolation, its accuracy is at best fair. The cubic Herm
approximation is surprisingly accurate.

8. Conclusions

A general methodology was applied to perform sensi
ity analysis of turbulent flows with heat transfer modeled
the k–ε model of turbulence with wall functions. An ada
tive finite element method was used to ensure that flow
sensitivity predictions are grid converged (i.e., produc
verified CFD predictions in the sense of Roache [19]). T
ensures that discrepancies between predictions and
surements are only due to turbulence modeling and no
numerical inaccuracies. Sensitivity analysis provides us
information for CFD analysts and turbulence modelers.
ability to identify key parameters controlling the flow c
help designers focus their attention on the essential as
of their work. Fast evaluation of nearby flows will pro
helpful in answering questions of the typewhat happens i
we change this or that. Finally, uncertainty estimates for tu
bulent flow simulations put CFD on par with experime
which have provided uncertainty bars for many years. G
converged predictions with uncertainty estimates provid
rigorous framework for comparing predictions and meas
ments (i.e., validation of CFD predictions in the sense
Roache [19]).

The methodology was verified on a problem posses
an closed form solution (a turbulent heated shear layer).
sitivity analysis of the backward facing step problem h
shown thatC1 andC2 have the most pronounced effect
the turbulence model and heat transfer predictions. Fur
more, the observed discrepancies between predictions
experimental measurements cannot be explained by u
tainties in the closure coefficients.

For the flat plate problem, the Stanton number is sligh
is under-predicted by thek–ε turbulence model with wal
functions. Sensitivity analysis confirm the anticipated ne
gible effect of the wall distanced (user specified wall func
tion data) on the Stanton number provided thatd lies in its
range of validity (+ between 30 and 300).

Finally sensitivities were used with linear Taylor ser
and Hermite polynomial for fast evaluation of nearby flow
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The accuracy of this approach was verified by compa
these inexpensive predictions with a full flow solution at
perturbed values of the parameters.

Sensitivity analysis is powerful tool to identify the cont
bution of each parameter on the flow and thermal respo
of the system. This provides quantitative feedback for mo
refinement or for performing better experiments.
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